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.4 Goldstein's factor . - Ve

Ky - kinetic energy
M ... Mach nunber, momentum -
masgs '
n rotational speed
| ? pover
: P, profile drag power loss
Py induced power loss
P, total power loas (PDo + 1’1)
P goeomstric pltch
Q torque force
Ql torque force p'er 'bla.d.e
R Propeller tip radius, resultant force
r station redius
S rotational tip speed
T thrust
Ty thrust of single blade
' v airplane velocity
¥1,V0¢ » » arbitrary velocities Dn
w o relative alr velocity
W tan"lge (See fig. 1.)
_ v effective axial inflov velocity (profile drag equal
—— - to -zero) -
w " inflow velooity




Wy axial component of mﬂw veloc:uw .

Vp rotational component of :l.nﬂov velocity )

Vo effective rotational oonmonent in a::lal d.:l.roct:lon
(Ses appeandix B.) g

- 3 r/R

o angle of attack

Gy angle of attack for infinite aspect ratlo

oy induced angle of attack

g blade angle

n section efficiency

e arial induced efficiency

Ny rotational induced effliciemcy

On efficiency loss = 1 =9

“p propulsive sfficiency o R

Ny indnced efficiency (profile drag equal to zerv)

P mass denslity of alr . :. :

Po mass density of alr at sea level

section solicdity (o' = %) .

¢ angle of relative-alr-speed vector to-propeller
disk (helix angle of vake) _

g = tan"t Y - ta.n"l v (holu ansle of pmpeller)

Figure 1 illustrates some of the symbols. -The Fopt-pound-aecond
system 18 used except where noted.

I~
[,

Bun



T e

. — N ——r—r = =

:. Bu.r.i: mem rbnmm‘mmn-mr

z.oss rﬁmm: TRAG. FEGLECTED”

General Analysis.

Attempts have besn imade iq determine analytically the blade
Jloading that will give e minimum loss of emergy for a given thrust.

" 'From original calculations by, Goldstein and Petz, Lock and Bateman

(reference 1) have @eveldped formmlas fyom vhich the loading glving
the minimm energy loss.:{profile. drag being neglected) -may be .

- obtalned for lightly loaded prope.uera. Inesmch as a propeller
"has a rela'si"nly light loading. at maximum. efficiency, it is -
believed tHat 'the Goldstein theory llr:l.}.l.r hold. for efﬁcimt prope].lora

1d tHe hish-speed. conditions -

|-r ad e,

- Proyellera with the uptimm load.i-.ng (celled Betg _pu:o‘_pe]lars
horein) have been designed and tested in Great Britain. The British

" tests of reference 1 sliow a maximum propeller efficlemcy of

93 .2 percent for a Betz propeller, an efficiency 3 percent higher

than the efficliency of any other propeller of a falrly large group
tested, The purpose of part I of:this paper is to show how the loading
that gives the minimum induced-energy loss can be obtained from

' 'rether elementary considerations and to present design charts from

which such.d plen form can be qu:lck:l,v obtained for any set of daaiga
conditiona. . .

.. Ohe’ characteristic of a '_m'opeller of optimum loa.d:lng 1s that

.. all dections along the blade operate at the same efficiency. With

ths condlition imposed that a propeller blade shall produce a glven
thrust, the blade may be designed to have any desired radial

. detribution of thrust. The highest efficiency will be obtailned

whén the thrust distribution is such that all sections operate at

'the same efficlency. If one section of a propeller is operating

4t a higher efficlency thiah the other sections, an :I.norea,ee in
over-all effiociency will be obtained by shifting some’of the load

. from the less efficlent sections to.the more efficient seotions.
.In the emd, the efficiency will be egqualized over the whole blade

becanase the section efficieno; dacrea.ses a8 the aection 1oa.d. is

.. inoreased. . . |

‘me discussion of appendix A shows that, when the profile drag
is assumed to be zero, the conditivn for cimstant induced efficiency
elong the blade is apecified. by the fact that the effective inflow
velocity ¥ 1is constent. (See fig.'l.) Under these conditioms,
the sheet of vortices shed by each blade moves backward as a yrigid helix,.
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The inflow velocity,".wy = ¥ cos §, 1is. prodiced (¥hen profile dreg

is neglected) by the 1ift force alone and is therefore shown in
figure 1 to be at right angles to the relative air velocity W.

Appendix B shows that

Y. = aﬁH .
1 hxs:l.n'ﬁ T

vhere K s a factor, determined by Goldqto:!.n, that .acequnts for

the difference.in inflow velocity between propellers with an - .
inite and .a finite number of blades. "Goldstein's original
Terminations. of K cbvered only a relatively small renge, which

has 'beangraa;tlye:pahdnd'byl.ockandoﬂwra. The values of X

...  varies with tHe number of blades; thé value of x, - and the .

angle $. Plots of K ageinst ’sin ¥ - with ‘the paremeter x,

given in reference 2 for two=-, three-, and four-blade proppllers,

hqvg bean reproduced- in' this roport d.s figures 2, 3, and. b, .

The cond.‘lt:lon that - the weke moves backward a.n a. r;lsid. hel:tz
can 'be expressed ma.them&tically as : .

xtan¢=aconatant

'.Eh:l.s qondit:l.on, the aerodynamic pitch of the propeller 'bei.ng obnatant »
..is the one fupdamental criterion for the propeller of minimum induced

loss , the Betz propeller. Appemdix B further shows that, when

x tan § 18 a constant and wvhen B, n, D, end. V are specifiod. the

product - bC;, becomes & specific i’unction of x. An e.ppronmte

‘relation’ dsvelopod bx Lock and Bateman and confh"med in: a.ppond:lx fB
is as follonra .

+

D g 'bGI" % XK sin § cos™§ - ‘(-I)l-'

The necesaary conditioq that X tan # de conatant along the 'hla.da
may .be.written }

e R

U  Kkx e cot¢ '- o '.---(2)

" The follmr.lng two equa.t:l.ons, ‘therefore » result for any ga.rtibula.r
| design?

\ el vEmenge®
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vhere k and k) are constents and X 1is given as a funotion

With equations (1) and (2) and the values of K from
figure 2, 3, or §, B0k ocan be plotted against x, with Ik
as a parsmeter, for the two-, three-, and four-blade propellers for
which values of K ave available. When bOr/k 1s divided by its
valus at x = 0.7, plots of bGL/'bOI against x, with Ik
. . ‘7 .

as a parameter, may be made.

The process Just mentioned has been carried out to obtain
the families of Betz loadings for two-, three=-, and four-blade
propellers; these families are given in figures 5, 6, and 7.

The calculations were made for valves of- thie parameter k; of 1,

1.5, 2, 3, and 4, which in the figures have beem interpreted in
terms of the e § at x = 0.7 Dy means of equation (2).

The values of are given to the nearest 0.5°. For many dealgns,
however, it may prove advantageous to work out the distributions
from basic considerations rather than from interpolated values
from the charts. .

The angle § 1is not explicit in the design information. Its
relation to more commmnly used engles in propeller design is therefore
given to provide a better understanding of the figures. The angle @
18 greater thean tan™t v by the amount of the induced angle ay,
vhich 1s usually between 1° and 2° in the high-speed case. Furthermore,

the angle §# 1is less than the blade angle by the amount of the
angle of attack o, measured from the sams reference line.

Discussion of riguro's

Several significent features should be pointed out in figures 5
to 8. It will be noticed in figures 5, 6, and 7 that, as the angle
inoreases, the loads (bGI,) on the inboard sections become smaller:

with respect to the loads on the outboard sections. The shape of
the loading of a Betz propeller is dstermined by the consideration
of making the best compromise between induced tip losses and
rotational losses. As the value of @, 5,7 1ncreases, the angles

in the shank sections and therefore the rotational losses of the
shank sections increase; in order to balance this temdency toward
loss, some of the load is shifted toward the tip. At low blade
angles, the effect of induced tip losses predominates and the load .
is shifted toward the shank. The best compromise is secured in all e

oy ¢
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In. the cass of coaxial counterrotating propellers, the ‘design
of vwhich is not cmmsidered in this report, the rotaticnal energy
(losses) imparted to the slipstream by the front propeller is
partially recovered by .the rear propeller, and the net rotational
loss of the propeller cocubination is thus greatly reduced. - Therefore,
as the rotational-loass factor for coaxial counterrotating propellers

is less important than for single-rotating propellers, a considerable
difference will exist between the optimum loadings for these two

. types of propellers. The optimum loading for a counterrotating
propeller

will call for much heavier loads cn the inboard sections
andsomwhatnghtorloudamthotipmtionsthminmmeof

a single~rotating propeller.

ntahonacomm:mbemloadingwmsforBetz
propellers of two, three, and four blades at ¢:-07'35'5 o

As the number of blades decreases, the center of the load shifte
tovard -the shank. Thia charactéristic is the result of the ‘higher
induced tip loss of propellers with fewer blades. The design of
Betz propellers ia so intimately related to induced losses that
the inclusion of a brief discussion of induced tip loss was
considered desirable. That discussion may be found in appendix C.

. Application of. Data
Wheh differential thrust

2I is p.'l.oi;ted. @t :2, a curve
d(x) .

of approximately semielliptical shape 1s produced. If the curve were
exactly semielliptical, the following exact expressions for the total
thrust of the blade 1n terms of the elementary thrust at station

X = Q.7 could be written:

vhere a represents the constant 1.78.
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.»'+ ' Experience has shown, however, ,that the ellipticlity of the

thrust ‘distribution of a propeller va.rieu with the design value
of J eand thet the velue of .a varies accordingly. For optimim
propellers, the general ‘trend in the variation of a with J is
indicated 1n the follovins table.

TARLE I

Dosign J | a
" 140 X
15 1
240 1.
. 25 1.2
) 3.0 to 4.0 |1

subatitution ylelds
550 X hp X 'qp Xe
cos @
()
Then, because W = —E' the following eveluations can be madet

. 2200thqu><5 sin? ¢
( OL)I-O-T PV3BD 008 @ Jre0.7 G)

and, assuming ¢ = ¢!,
(WI.) OBE_JXCPanica(oosﬂ ()
x=0.T ° VUM e e ‘ R

N“\




In any normal design, B,.P, p, 'V, and -n will be specified;
np can then be-estimated or cbtainmed from figure 9, D cen be
estimated from propeller selection charts, J ocan be computed, and a
can be selected from teble I. .

The velue of dlamster estimeted from propeller selection charts
will probebly not be, exactly, the optimum diameter. The optimum
velue of D 1is difficult to determine. In some cases it 1s fixed
by tip-speed limitations or by tip clearance with the ground. A
discussion of the aerodynamic aspects of the problem of selecting
the optimum diameter for a propeller is given in appendix D.

Pigures 5, 6, and 7 give families of Betz loadings with the
prodnct e as a funotion of x. It is significant that
Xu0 T : )

the plan form corresponding to a Bet:z loading is not fixed but may
be varied by changing the lift coefficient along the blade. The
edjustable nature of the components, b and Cp, of bC; is the

bagis for the profile~drag analysis in part II of this paper.

. It 1s of importance to note that the Betz propeller has a
def"inite asrodynamic pitch which can be esasily detexmined after one
value of §# at place along the blade has been determined.

(See equation (2).) The blade emgle distribution can then be
ckly ascertained once the distribution of lift coefficient
and consequently angle of attack) is known from the following
relations: '

B=@+a

vhere o is the angle of attack required to obtain the desired
1ift coefficient. From equation (2)

xt‘mﬂ-%
and

g=g'+oy
vhere

§ = tand o

we can determine @, if we can determine ay.-:
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“~-the angle may be substituted Lox.its sine,.  Therefore,:in yedians,
-g.i--ainul-m . . : .' (5)
The value of

may bhe determined with good acomracy by
making the bstimt:l.cn #in § = gin (§* + ) 1in equation (5) and
by using the same approximation for pin § ipn ¢btaining X from
" figure 2, 3, ar 4« Tha value of @y at x » 0.7 is, -therefore,

7.3 (UcL)m q

‘”-5-0.7 B eln §'go.q * 209 degreas

65 B ('WL) ¢
Mxa0.7 ” Ixsm@m.r-ra.o)m“ £6)

-1 v
"pO-T = tan 0. 7D

-1 v
= tan 075 (7)

II. PROFILE IRAG CONSITERATIOND

Fover Logs at Any Sestion -

Inthecuoofagenaralpmpeueropentingmﬁafspooiﬂod -

conditions, the induced losses are fixed for a given diameter,
blade number

and load distyibution and are a minimum if the loading
1 the Betz ioa.d:l.ng for the specified oonditions. The only changes
in efficiency that can be effected are those due to profile dreg,
and these changes occur in two weyst - Pirst, as a direct power loss
and secand, as a correction to the indnepd loss dus to the distortion
of the-weke. The familiar assumption. ﬂia.t induced effects act
independently of profile drag suggests that. the effect of the
distortion is small and that it may be neglscted.
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Inasmuch as the profile-drag.power loss is, in the case Just

'in'ent:l.onad, the only varisble susceptible to design treatment (optimum

loeding having been assumed), considerable importence attaches to its
effeots on performance and Jdesign and espe¢ially to its effect on

.glan-fom design. It is ‘the purposs of this section to show how

intimately profile~drag considerations are involved in optimum
plm-fom determination.

If 1t 1is assumed ‘l'.ha.t the distortion of the wake resulting
from profile drag has but a negligible effect.on induced efficiency,
the over-all efficiency .of'-a propeller having a Betz loading will
be a maximum when the profile-drag loss of each section is as low
as possible. The expression for the prod’ile-drag pover loss ia

@DoumbCDo—szx(tﬂin¢+chos¢) (8)
o .
L v 51_n¢'+Sx cb_s_¢j_- o
m u . ) -
g =g
H w . - -
a2, - - ‘B Bop_ _w°3 éx

i"g & 18 vep LA )
dx sindg'
vhere Ho, V, 'R, and p areﬂxedforthe apec!.fiad.caso.._, :
Equation (9) mnludnq 'l‘.he diﬂ‘erential power loss (@D°
rosulting from the torqus dlompopent of the prof:l.le drag aa wall as
‘thie different:lal pover‘loas (-‘?29) resulting from the thrust
component of the proﬁla dz_'pg.: I’@ :ay"‘be euﬂ.y.__é_yp'm that
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and _ . .

It is clear then that ('bCDO) " 4s the condition for. minimmm
profile-drag loss at any section. Because the guantity 'bCDo is
the lone parameter affecting profile-drag lossea, its position and
relation to other guantities should be clearly understood. )
As a result of the complicated interrelationshiys of the
quantities affecting bCDo, it becomes necezsary to sim;lify the

problem by making certain assumptions. It will be assumed that the
gbsolute thickness distribution required can be predicted from
previous designs. This assumption can be made valid by successive
approximations., It will further be assumed that variations in blade
width can be made without affecting the thickness requirements.

The aerodynamic factors affecting the ‘h(!])° at any station are:

1. Airfoil section
2+ Lift coefficient or camber
3« Section chord
L, Sectlon thickness
5+ Mach mumber o "
The determination of the optimum plan form 1s, in fact, nofhing but
the- adjustment of the airfoil section, the camber, and thé section

chord as dictated by. section.thickness, Mach number, and the -~ . .
required loading (bCr) in order to achieve the minimm drag (bcbo .

In traditional blade deslgn, the airfoll section family is selected
(for example, Clark Y) and the specific section is determined by the
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thickness ratio. In such a case, there can be no independent variation
of cambér and thickness ratio. The operating lift coefficient 1is
realized by adjustment of the angle of attack, and no provision is
therefore made to permit the blade sections to operate at their
optimum 1ift coefficients. Thus, the conflicting conditions of high
thickness ratios emd low 1ift coefficients (at inboard stations),

and vice versa, lead to large posltive or negative angles of attack
and the accompanying inoreases in profile-drag coefficient.

A new propeller section (the l6-series airfoil) has been
developed recently at the NACA (reference 3) which, from preliminary
tests, appears to be much betiter suited to propellers for high-
speed airplanes than any other known sections. The new sections
have. very low profile-drag coefficlients and late compressibility
stalls for their design lift coefficients. The curvature of the
mean camber line, independent of thickness ratio, is a function of
the design 1ift coefficient, which may be’ aelected. to fit the
vperating conditions. It has bedn foind that the minimum profile-
drag coefficlent attalnable for a given thickneas ratio and 1lift
coefficient occurs for the section designed to operate at that
1lift coefficient. When the l6-sertes family (or any other family
similarly derived) 1s used, the.camber and the dlade width can.be,
adjusted to yield minimmm d.rag at any station vhere the 1lift loed,

. _thiokness, and. Mach number are known. ;|

) At a g:l.van station the product bCp, 1is held to a constant -

__va].ug larr:l.ved at from the induction considerations of part I. .
Dac:;op.aga in blade width then necessitate increases in camber that
are accompanied by increaces in profile drag coefficient. The net
effect on the section drag index ‘bCDO depends on the magnitude

of the change in b and the associated variation of Cp ' with
camber (CL).

Similarly, if the section thickness is comstant, as previously
assumed, decreases in blade width cause increases in thiclmess ratio
and corresponding increaszes in drag coefficient. These reciprocal
actions hint at the exlstence of an optimum blade width such that the
balance of blade width (b) against profile-drag coefficlent yields
e minipum value of bcDo. These reciprocal actions also indicate

that “optimum plan form" is Just one aspect of "best blade shape,"”
which includes the distribution of camber and thickness ratio.

Wt



- e = ar o —_—

_fprafandlyofairrbﬂsviththaopmtins C;, equal to the

15
. '-!. .
Datornlnat:l,on of Best Bla.ds Shape ';-. e
tma pro‘blem 1nvolved in £inding the best blade shape is the
d.otommina.'biod of the values of . b, .Cr, and hfb thdt will yileld
thanﬂninlmvaluaor bclb If. a plot of .°Do asa.in.sf.. OL 15 made

design CpL ' and with the thickness ratio varied as e _parameter,
curves of the b?h/b .in :rtgure 10 resulf.. M'olmesa_ _I:l_st:lo

:lnoreaseafrom (h/b5.

Iqagivenoqse,vhere 'bG;, kg eand b=k, anyva.‘l'.uo
kg n_ M

of OL datminosavalueof b'—df end a .value of -i---k-s-

and therefore a point on the plane of figure 10. Then, :I.namch

88 Cp, " cen have any value in that plane, the condit:lcna By, = k3

"end h-= Xk dsteminealineinthatplana Sucha.l,ineis Ay - Ag.
lverypointonthatlinehasasinglovaluoo‘r ‘oL, b h/b,

" and CDO. ‘If these values are combined, each point on line Ay - Ay

can be plotted as a point of 'bcno against b (or Cp). The

resulting curve will show the varistion of section drag with chord
and the values. of b and Cj for minimm bCp, Wwill be indicated.

Plots of this type a.re shown in figure 1l.

Ina.snuch as this procedure involves the profile-drag coefficient,
:lt 15 dependent on wind-tunnel data. The data required are currentl:
being made availlable but as yet are incomplete. It must be kept in
mind that, because cDo is strongly affected by oonwresa:l.‘b:llity,

date taken at the proper Mach nuhibor mst be used.

. The BEffect 6f‘i!_o‘hpz'essibility .on, Plan Form

The effects of -thickness ratio and of 1lift coefficient on ths =
oritical -speed of an alrfoil section have been determined by theory
.and verified by experimeht (reference 3). The results of the
‘investigation show characteristic curves such as curves 1llustrated
in figure 12. It 1s apparent from the ourves that, for a glven ,
Mach minber and a glven thickness ratio, there 1s a meximum allowable
11rt coefficisnt compatible with subcritical dreg coefficients. These
alrfoll data, however, are not applicable to the tip portions of
mlpellers because tip effects appear to delay the compressibility

(-3
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If propeller wake-survey data at high gpeeds are analyzed as
curves of critical Mach-numbeir at khown 1ift coefficients and
thickness ratios, these curves have the same shape as airfoil
critical-speed curves but aré shifted to higher Mach numbers. ..
Accurate ddta in this form are needsd for this type of analysis
and. are currently being made available. As only limited tests
have yet been rn (reference i), data for only one thickness ratio
and one airfoil section are cbtainable. (See fig. 13.)

- At a glven station of some known propeller, the Mach number
is nown. For any thickness ratio, then, the maximum allowable
1ift coefficient and its complement, +the minimum required blade
width, are fixed. This miniimm required blade width is not
necesgarily the optimm blade width. It is only the minimum
blade width required to avoid exceeding the critical speed for
the -given conditions.

This concept, however, is most valuable if these considerations
are reversed. If the thickness ratio and the blade width are fixed
by structural considerations at some values, the maximum allowable
tip speed can be evaluated. With maxinum allcwa.ble tip speed known,
the largest diamester (and therefore the lowest induced loss) can
be com;puted..

The direct evaluation of minimm blade width required is
unnecessary . Data such as that of figure 13 can be plotted on
" figure 14 and will appear as a line similar to B; - Bp of figure 10

at the breek in the drag curves. Because of the precipitous rise
in Cp,, the blade width for minimum Cp, will alweys be greater

than the minimum blade width.required.
11T, EXAMPLE

A simplified example will be carried through to show the use of
the methods outlined in parts I end II for obtaining propellers of
optimum asrodynamic design. Calculations will be made for the
" Betz loading and then for the optimum plan form determined by the
. loading, the thickness distribution, snd the profile drag.. No effort

will be made to deeign a structurally satisfactory propeller, but
- the structural necessities of the propo]ler are consldered by the
use'of the thickness distribu'_h;lon of a knmm propeller of the same

| cepacity. - : S e o
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o Ilodsr_a:_bcformd.speedmdmdera.to +ip speed shall be usmlod
for this examplé in ordsér that t1 p considerations may -not demsnd .
unavailable data. .'The curve of figure 13 is presented for purposes
of 1llustration- -only end should 1: 'be used too gemnerally. This
oondition is also true of figure 1k, which has been constructed and

‘falred noqmomoud data. - The trends in both figures are
oorreot, however, and their values are approxinately right. The
design oonditione assumed for this example ares-

P' hoXrsepower » ¢ ¢ ¢ o o o' ¢ o s 6 06 8 8 a0 s a0 00 s e 1200
Ny XPB o o o 0 ¢ 0 6 v ¢ o ¢ 06 0 ¢ ¢ ¢ 0 0 00 ¢ 86 8 0 6 s 25
Vyfoot Por secomd, s o o ¢ s s ¢ o 5 o 0 6 0 0 ¢ 0 0 0 o . 40
D, Foot o ¢ 0o o o ¢ ¢ o & e e 8 0 9.8 0 a8 00 0= s e s e e 1105
B o ¢ s s'a’ e s 00 00 0 e 0 a 00800608 00008080 ea00 3
ALtitud® ¢ ¢ « s 'e o 0 o o o‘, ® s 5 a s s 08 80 s s s o g8a level

Bections of the NACA 16 series and the limited data available will
be used. ’

Determination of Optimum lLoading
The estimation of the value of the angle ¢ 1s a logloal

starting point from vhich to begin the determination of the optimum
loa.ding- .

If the method indicated in'part I is followed, sivieSn
*
8 = mD = 904 feet/second g5
In equation (7), it is shown that
v
' AR
tan ¢ =0 .7 = 0078

30 - 4}1:11-"
ton 807 " T X B '°',69?-w o
?

O - 1..
-w7-3u.m (A

Inesmich as a value of o4 must be assumed in order to calculate @,
the value - q; = 2° isused.andthenthisvalueiachachdlater

- 8in ¢z-o.7 = sin (¢'x-o + 2°) = ‘8in 36.80° = 0.599% 4t Z9.5°

= 0.801 - )

{ e
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From equation (3)
aaobxhpix np % a m@
(boL)!-O . pv3 BD’ . 005 xu0's T

In this example, “the va.lue of a is- aﬂitmily taken as 1 875 ad,
from figure 9,

Thorefore. .
. (bc‘[')zm'.,r':‘o'm-ft = 3.25-1%.. . ]
From equation (é) -

6538 (8),.0
u""x=0.7' DKs:Ln ¢x=07

5'5>L3x°'271 =128
11,5 X 0.65 X 0.599 .o

The effect on sin ¢ of the assumption of -Gy = 2° will be shown
by recalculating 'bOL , %, and a; where

W d
'

ad'x-O o7 B J:.lao b

New valuo of # = (§) 'y, = 3598° ..

sin (¢) 'x=° I = 005&

cos _(¢)'z=-0.7"°'80_9.::: - ,

*As this example was worked out before the quantitative value of
the variation of a with J was esteblished, the value of 1.875
for a was arbitrarily chosen. ‘A sompwhat more appropriate value,
1,75, might now be selected from table I.



-7 3

19

. . sin. (#) "\2 /cos '
Tow vaiue of (b0p) o o % B0} 7 = ()0 g ( Tm?ﬁ )/ sk

0.588\"./0.809
= 0.272 00&0)/00&) )
= O.%O_‘ : . .
Nev value of q"":n-O"(-@.z-o = 145°

Y §
and from appendix A, the induced efficlency

tan §'  tan 34.8°
VR sy r i \

The difference between the recaloulated and original values of u.i
and BOp would seem to Justify the effort involved in the recalculation.

With ten § now dmown as tan (' + a3) at x = 0.7 and with
1 o
x_tan;s-ﬁ _ (10)
vhere

ky

= 0.7 tan' (35.95°)
= 0. X 0,725 = 0.507
the value of . § can be found at any station simply by substituting x
in equation (10) . The value of @y ,j Qetermines a partiocular
cwxve of bcL/boLx-O 7° Table .IT shows convenient tabulations of

basic propeller factors and computations of the ‘bc‘]-_, ourve for this

particular example to show the computations involved in the construc-
tion of figures 5, 6, and T.

2 = 0.7 tan (34.80° + 1.145°)

Determination of Optimum Blade width

In order to begin the eveluation of the blade width, a thickness
distribution mst be assumed. For .this example, an average thickness
d_:lstri'bution was taken :t'rom commercial propellers cwrrently being used.
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. (See fig. 15.) The propeller 'calbulatog. on the dbasis of this

assumption will not necessaxily Ve structurally satisfactory. On

the ‘other hand, if the blade width dlatribution of the propeller

18 not too differemt from regular plan forms, its structural
properties may be easily adjusted. It is believed that the empirical
selection of the thickness distridution will not detxract from the
practical nature of the computations.

The computation of the blade width for a given section with h,
bCy,, and M known requires but a few simple steps, as follows:

1. Compute the value of -b corresponding to the thickness h
for each of the h/b ratios on figure lk.

2. Compute Op, = BC/b for each of the values of b computed
in Btep_.lo

3. Locate the pointe determined by h/d and Cp on figure 1k
. and £ind the corresponding values of GDO. ’

4.Plot BOp ~against Cp from data in step 3 to locate
Ctw o= Ter fBC .
r ( %) n

5« From tﬁe valus of O for (‘bc ) compute b
D°m1n

-

opt®

It is important to notice that the data such as in figure 14
mist be at the proper Mach number for each aection. In this
example data from figure 14 (M = 0.60) 1s used for all statioms :
irrespective of speed differences. The effect of this simplification
will be discussed. Table ITY and figures 1l and 16 show the operations
carried out.

~ 5 ' The curves in figure 1l show some very interesting resultis.

For most of the stations analyzed, the optimum thickness ratlo -is
around 9 percent with thickmées ratios of 6 percent showing definite
detrimental effects on profile drag. In addition, thée drag of secticns

- with thickihess:ratlos of 12 porcent 1s gconsistently lower then the

- Areg of sections with 6-perzent thickness ratlos. The drag of a.
6-percent-thick aection is about equal to the drag of a l5~percent~-
thick section with the same absolute thickness. It should be
remenbered that in a practical design the thickness may need’
adjustment. The indicated results, however, are spproximately correct.

--u: - -The drag data from which-these curves were plotted were all
-, .0btained- at & Mach punber of 0.600. Inasmuich as the Mach number
\-.ar.¥aried from O 46k at'x = 0.3 to 0.866 at x = 0.95, the results




are not exaotly conclusive. .The.effect of “the increase in Mach-
number from root to tip would be to decrease the blade. width at
the root and.ta increase 1t at the tip. The blade width and- 2ift-
coefficient curves of figure 16 ave based only on highrspeed _
performance. In order to coupromise for tako-off and climd.. .
perfoxmance, the design Cj, values (camber) of the root sections

would probably be increased to giveé higher values o:l!'- Cp; . for

those sections. The results of figure 1l show that cuﬂ's may be
desireble even for propel.ler instellations with-large s;pimors.

-
-

. Compuriaon of Results .

In ordexr to eva,luate t.‘ne 1mporta.nce od.’ t.he effects of ohange
in plan form on the profile-drag losses, calculations of profile~
drag power losa were made for two 'blad.es: one blade having the
celculated optimum plan form, and tae other having conventional
blade form. It is diffiocult to evuluate accureltely the drag
coefficient of an opara.ting propeller section, particularly-when
the loading is unknown. .The following estimations of profile-
drag .power .loss may not, therefore, correspond to the actual .
absolute power loas. The comparative values of the two estimations,
however, should be accurate.

In aii earlier section of this report, the following relation
for the differential profile-drag power loss was given:

J_dPn)=1'\'B'bCDO%V°3 ax

and
ap v3
—_— P
. ax mbcDOE
. ap
D
(¢)
& Yo,
. . 5 g
vhere . tar ' SO L. . c \ .
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Figure 17 shows the turves of profile-drag power loss aldng the

ap
blads; - d:O , &nd the value of the integratec. power loss for
sach cagod.
éP
Also included in figure 17 ic a curve of dxi B for the

optimum propeller. Thus a comparison of the induced snd the
profile-drag power loss 1s providec. for this propeller. The profile~
drag power loss of the standard propeller is 33 .25 horaspower per
blade or 8.3 percent of the total power per Blade for the portion

of the blade exemined. The blade that has camber and blade width
adjusted to optimum conditions has a corresponding loss of 12.27
horsepower per blade or only about two-fifths as much. The total
net indicated advantage is then 5.23 percemt® of the total power
input .~

It must again be mentioned that these figures are obtained
on the basis thet the sections are designed to operate at fixed
1lift coefficients. This condition allows the blace width to be
determined in the light of separate but coencurrent considerations
of thickness ratio and camber. If the plan form is made optimum
for sectians varying only in thickness ratio or if the sections
are selected for minimum érag coefficient without reference to
blade width, the whole benefit outlined herein cannot be gained.

Although it 1s true that the indicated galns arising fronm
the uae of the optimm design may not be fully realized because
of practical limitetioms cn blade sh:ne and size, the evidence
provided by the comparison is, nevertheless, important in that
it points out the gains that can be made if fabrication and
gtructural problems are asclved.

The propulaive efficiency of a propeller operating in front
of a well-streamlined bolly need not be seriously affected by body
interference beciuse the loss in propeller efficlency may be partly
compensated by a lower pressure drag (form drag) of the body in
the slipstream.

The pitch distribution of a propeller Gesigned for free-air
operation should be altered when the propeller is used in the
presence of a body. The alterations require a knowledge of the
veloclity field in the plane of the propeller. The velocity field can be
obtained by velocity surveys or, for certain shapes, it can be
calculated.

A
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i 'meloaddiatributionforthoaltmdpropeuorwbongdethe
same as for the free-alr desigd .or it may be made somewhat lower

- -over those seotions affected by-the increaped airepesd. The best

' loading for this case- ig-not knom, the body influence, however,
may affect only the less important (inboaxd) secticns. Three-
quarters, oxr more, -of. the thrist 16 generally produced by the
outer half of the blade, where, for fine-nosed 'bodios, the body

' 1nfluenoeonthea1rflwvﬂlbenegligi‘ble. - S

The present work gives pra.otioal methods for obtaining (1) -the
optimum blade loading for.the cese ‘when: pn)ﬁ.le ‘drag is assumed to
be zero and (2) the best blade shape when profile drag is present
but 1s assumed to act withont changipng the induced efficiency.

The theoretical bases for -the¢ two methods are also given. The use
of the method is at present limited by insufficient aerodynamic
section data. It is shown that the profile drag of the propeller
sections has a large influenoe on- the blade shape for maximum
efficlency.

Langley Memorial Aeronautical Laboratory, TR,
National Advisory Commlitise fbr Aerbnantica, C L
| I.a.ng,ley Field, Ve, . _ .
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APPENTIX A _
. AN ARALYSIS OF THE INIUCED LOSS
| WEEN PROFILE IRAG I8 ABSINT

The expression for the efficiency of a section can be shown

to be
tan §°*
ey
#
From figure 1, this expression can be revised to
- I Viw
’ 34 * Db/ xmd
1l .

v
1+'—v-.-

vhere v = W) sec § is an imaginary axial inflow velocity that,

in the determination of induced loss and induced efficiency, is

squivalent to both the actunal axial 1iflow velocity w,; and the

rotatiopal inflow velooity wpy. Thus the total induced power loss
aT.

at any section x 1is a?lv and

e R R

& &

& ax Vr

From the fundamental Goldstein condition, x ten @ = a constant,
the following expressions can be derived:

Y+v .
= a constant

x tan § =

Therefore w, the effective axial inflow velocity, and ny = '—lT
l+=

v

are both constant along the blade. _
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The induced efficiency loss of any section can be expressed as

S

ey

tng w1 -—to
A

w
V+|g

The part of this loss due to axial inflow is obviously

fn, =0

V4w,

and the part due to slipai'.rea.m rotation is

V+VW

As ratios of the whole loss Aqi theae expressions become

.Aqa wa *
Zﬁ = -‘-',—- L c052¢
and _
A"r. R
—_— = gin®
Any
and, obvioualy,
An, . Ay,




(APPERIIX B =~ -
SOME TMPLICATIONS OF THE GOLISTEIN THEORY

The inflow velocity for the ideelized case, where the slipstroam
velocity is constant over the whole disk end vhere the propeller
is lightly loaded and ceauses negligible slipstream contraction, may
easily be calonlated from basic formilas as follows:

Force = mass flow X.change in velocity

For an anmular element of v:ldth d.r at radius r, this relation
may be expressed as .

Exrodrcn-%waupardrwam¢arl
which simplifies to

" i} oCpW 5-1)
1%k ein g
vhere ‘Cp 1s the vector sum of Cp end Cp a8 shown in figure 1.

. The slipstream velooclty In any practical case is not constant
over the propeller disk but consists of peaks of high velocity ahead
of and behind each blade and valleys of low veloclty between the
blades. The peaks ahead of and behind each blads vary in magnitude
vith the radius, the number of blades, and the angle @$. The
variation of t.he magnitude of the peaks wlth these factors was
evaluated by Goldstein (reference 5) for a few simple cases and
was later expanded by Lock and others to cover & wider range of
cases, that is, for two-, three-, and four-blade propellers. It
is shown in rofemce 2 th..t peak inflow velocity may be cbtained
by the use of a factor K 1in equation (B-1); .. _

o
thus,
" oCgW
w -2
1K sin ] ®-2)

vhere K (called the Goldstein factor) varies with the B, x,

and @. Plots of X against sin § with x as a parameter given
in figures 2, 3, and 4 end for two-, three-, and four-blade propellers
were reproduced from reference 2.




For the cade in-which profile dreg is-assumed to be zero, i
equation (B-2) becomes .

e L (8-3)

wl,h!umﬁ
md-
‘ ocrW  © ' HB O e
l=lcos¢ hxsinﬁcosﬂi meinﬁ cos¢ hat
As ' '

W owW, \[v—é;(sx)"’
bey = ‘WK singw:oa{tum oo (8-5)

v

In aparbicular tesign, B, n, D, S5, =nd- ¥V will be known and.
for optimim loading, ¥ will be a ’conStant. The quantitles K, ¢,
Wo, and thus DCp, will therefore becoma functions of x.

As' ¢ aiffers.little from $',” it may be q.ssumed, ‘a8 an
approximtion, that ¥ . )

hxDx/V, = cos @ '
and so equation (B-5) may be written

.‘WK sin @ cos?P

BCy, £ (8-6)

ﬁhich', for a particuler deslgn with optimm'loa.d:l._ng, becomes

- bCp, = KK-sin § cos®p .. _ (-7)
Equation (B-7) ia the one used in section I of this repor:'t.



* APPENDIX C:; -
A TISCUSSION QF BIAIE FUMBER

The commonly used term "tip loss™ is a rather inexact name to
apply to a loss that, although greater at the tips, extends over
the whole blade, the case being parallel to that of the induced
drag of & tapered wing. There would be no tlp loss and the
Goldstein factor (see appendix B) would be 1 if the the propeller
(1) had an infinite number of blades, {(2) turned at an infinite speed,
or (3) had an infinite dlameter. Corresponding conditions, that is,
(1) infinite maltiplans, (2) infinite airspeed, or (3) infinite span,
eliminate the induced drag of a wing. _

Another aspect of the so-called tip loss that oconveys a somewvhat
clearer picture is: The sllipstream velocity would be constant over
the whole slipstream cross section both in front of and behind a
propeller with an infinite number of bladea. If the number of
blades is reduced and becomes finite, variations of velocity in the
slipstream occur end the efficlency drops from the ideal value for
an infinite number of blades.. The loss can:be .explained.by slmple
axial ‘momentun theory although the' rotational velocities neglected
in such theory play an important part in the loss. According to
simple exial momentum theory, the loss in efficiemcy results from
the fact that a given thrust, represented by the change in momentum
of the air flowing through the propeller dlak, 1s accompanied by a
change in kinetic emnergy in the slipstream, which is greater than
the work done (TV). This loss will be a minimm for a given thrust
vhen the velocity is uniform over any cross section parallel to the

propeller plans. :

A simplified analogy follows: Two masses m and mp moving
in the same direction at velocities vy and vp have a total
momentum M = myvy + movoe It can easily be proved that the kinetic

. L1 _
energy, K; = '5'“1"12 + %mevaa, will be & minimum for a given M
vhen the velocities vy and v, are-equal.

The loss in efficiemcy (for a ¢onstant thrust) will clearly
become increasingly greater as the variations (or periodicity) of
the slipstream become greater, and the periodicity obviously increases
as the munber of blades decreases, the greatest periodicity ocourring
for a one-blade propeller.

R « 4 PX. 4



Assume, for example, a hypothetical elght-blade propeller
turning at a. constant ro{'.a ional speed, If one blade 1s removed,
the thrust is reduced by approximately 12.5 percent. The efficlency
rises as a result of the lower disk loading but the rise is offset
a small-amount by the loss accompanying the increased periodicity of
the flow in the slipstream. If cne after another of the.,hlades-is
removad. the induced efficiéncy rises but, fer eéch additional dlnde
remved. the offseét resulting from increased periodicity becomes ..
groater untd.l a mumber of* blades is reached where the remom.'l. of one
- pio¥'e ‘dlade, decreases rather than increases.ihe eff:l.‘c“iency. The -
loss caused by the incréased periodicity resulting from the xemoval
of the blade more than offsets the gain in efficiency resulting !
from.the .lower thrust loading on the propeller disk. The critical
numbér of blades at which this dondition is reached depends. on., the -
operating conditions. The tests reported in referemce 6 on 10-~foot
propellers seem to indicate thai the critical number of blafsa for °
the conditions existing ln those tests.was three. The efficigncy - °
of- the, three-blade: propeller vas the same aps, if not a 11ttlé higher
than, the -efficiency of the two-blade propeller. The effic:lency of
a ona-'blada propeller, had it been tested, would probably have been
somewhat lower than the efficiency of the two-blade propeller. g
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APPERIOX D
CRITERIONS POR MIAMETER SELECTION

. The selection of the optimua dlameter is another problem
related to the design of an optimum propeller. Two conflicting
‘fectors must be balanced in order to achieve the propeller of
meximm éfficiency. These factors are the profile~drag loss and
the induced loss. The proflle-drag loss increases .and the indunced
loss decreases with increases in the propeller dismeter if the
tip speed is held. constant, .

~r) -

In the determination of the relation between optimum éiameter
and the two types of propeller loss, 1t will be convenient to

assume that P, ’.l’("—vl,-, D (tip speed), p, and V are

essentially conutant and that, for eny sitation x, g, .9
and Cp, are also constant. *Then a1y fax for a.nyput cular

station x will be constant and GL will be an inverse function
of R; that is, Cf, = k/R.

On the basis of the previously stated assumptions, the velue
of v as given 1n appendix B may be expreased aas

BB Cp, W Xy
w=§Ithsin¢cos¢=32

Bquation (9) and appendix A yield the following expressions for the
differentizl profile-drag and induced power losses:

= koR

" Ag the differential power losses are funct:l.ons only of R, then
the over=-all losses will also be functions only of R. Thus

Pq}ﬂk‘,,R

P ——
1'32
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The total loss, :BL, will be

PL PD°+P1-th+Ra

If the eguatién 18 d1fferentiated and 15\11: oqu.al to zero,

_.q.ﬁ' .2,

R

Therefore, wnder the conditions assumed, the optimn Aiameter for
the optimim propeller will be one that will cause PD°=- =

that is, 1t will be a propeller for which the profile-drag losses
are twice as great as the 1ndnced. 1osees.

In this analysis, D, i’or a given valuo of x, and tip speed
were held. constant -and independent of va.ria.t:l.ons in R. If geometric

11 1
similarityhad'bemassmd., then 'bu'.R and ch.-i or —2—.

The analysia would then have produced the result PDo =Pg.

]'.f the tip speed had been permitted to vary directly with R
(that is, n = constant), snother result might have been obtained.
The equations for this case ere more complex, however, and thelr
solution was not attempted.

It may be of interest to note that, in the case of the optimm
propeller designed in an earlier section of this report, the power
losases, expressed as percentages of the totel power input, were

P = o
D, 3.07
Pi = h’lw

These values suggest that a lower total loss, Py, wmlght have been
obtained if the diameter had been larger.
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TABLE II =
COMPUTATIONS - FOR OPTIMUM BLADE LOADING
AND FIXED BLADE CHARACTERISTICS
x [tan #| (o8 [stn Flcos B| K |cos’s 1K<:ii‘a§§ F&E’;‘; (1ol {240 9| ey (::s) (’f:f) "ﬁ g

0430 (1,690 | 59.)1 |{0.861]0.509|1.036{0.259| 0.231 0.920 2.8 | 1,620} 58.3 1.1 | 271 516 0164
D5(1.125 | 48| J748| L66l| 864 .l .285 | 1.122 {3.50 | 1,080 47.2|1.2 hpé 599 «536
60| 84151 40.2] J646| J76L] Tl | .58L .280 1.102 {344 B11| 39.1 1.1 | 542 | 699 .626
«T0{ +725| 35.9| .586| .B810| .661| .656 .zsht 1.000 |3.12 695 3.8]1.1 | 633 770 691
80! .63 | 2.1 .536] .8L4ll 554 .T13 .21 831 | 2.59 608 %1.3|1.1 | 723 845 ;757
«90| 563 | 29,1 491| 872 4O3| .759 .150 «591 |1.84 Shl| 284 1.0 | 813 925 .830
+95! <533 | 28.1| JL71| .882| .290| 777 .106 418 [1.%0 «512| 27.1| 1.0 | 858 966 .8&6




Table F,Fig:. 1

HACA TABLE TII
SAMPLE COMPUTATTONS
x 0.30 0.Ls 0.60 0.70 0.80 0,90 0.95
n/b -
b=n/l, 1n

0.06 | ln.70 21,30 15.32 12,32 .68 7.1 6.00
.09 %7.3 .30 13.32 8.32 2. L.78 L.00
.12 20,9 10.68 +66 6.16 L. 3.38 3,00
.15 16.7 S .6.13 S 3.87 2.86 .20

, G =qh

0.06 | 0.0681 o.16% 0.2a;° 0.253 0.268 0.257 O.ZIZ
.09 .1022 . 335 | 382 Ji02 .385 .iz
12 0136 . 5 . 9 e 10 ) . 55 ! . 15 . ﬂ.l.
15 «170 . 110 .561 636 670 L5 «53%

. Cp, from figure 1, .

0.06 | 0.00355 | 0.00398 | 0,00,20 [0.00420 | 0.0039 0.00423 | 0.00420
.09 .00390 .00l 65 004,97 .00520 «005 .00522 .00,90
12 .00490 .00665 .00715 .00763 .00780 .00768 .00700
.15 .00725 .009%0 .01005 .0106 .01095, .01075 «00985

i bcpo, in.

0.06 |0.1478 0.08,8 0.6l 0.0518 0.03 0.0303% 0.0252
.09 [ .1085 .0660 .0508 027 NN .02 .0196
12 «1025 0710 -Ogh <0471 .0378 .0 .0210
015 121 079l . .061 0527 o423 .03 «0236
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Profile-drag coefficient, Cp,

_ Lift coefficient, Gy,
Figure 10.- Envelope drag curves for family at M = K,
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Figure 11(a,b).~ Plots of bCp_ against Oy, for each station analyzed.
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Figure 13.- Extrapolated curve of critical speed for propeller tip with 6-percent high-speed
section from data in reforences 3 and 4.
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Figure 15.- Assumed radial thickness distribution.
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Figure 16.- Distribution of b and Cp, for best blade shape designed for higz speed.
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Fig. 17
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Figure 17.- Curves of power loss for two propellers.



